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Abstract: In this work a dynamic state-space model was
constructed using a Hankel matrix formulation. A novel update
algorithm for computation of the state transition matrix and its
eigenvalues was developed. The method suits for analysis and
synthesis of the rapidly changing dynamic systems and signals
corrupted with additive random noise. The knowledge of the time
varying state transition matrix and its eigenvalues enables accurate
and precise numerical operators such as differentiation and
integration in the presence of noise.
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1. Introduction

Estimation of the state of the dynamic systems and signals
has been an object of vital research for many years impacted
by the discovery of the Kalman filter (KF), extended Kalman
filter (EKF), neural network algorithms and the LMS and
RLS algorithms [1-7]. The adaptive algorithms have found
to be suitable methods for many kind of linear and nonlinear
system modelling. The update of the model parameters is
based on the use of the forgetting functions. State-space
models, which are based on matrix formulations have gained
acceptance in various control system analysis and synthesis.
A state-space approach differs significantly from the adaptive
methods such as KF, EKF and RLS algorithms in that the
system matrices are solved directly form the measured data
matrices using least squares (LS) or total least squares (TLS)
methods. The noise inherent in data matrices is usually
cancelled by the singular value decomposition (SVD) based
subspace methods [8-9]. A disadvantage in the SVD based
solutions is the treatment of the data matrix blocks, which
give the system matrices in a defined time interval. The
matrices are then supposed to be time-invariant within the
time interval. However, in rapidly changing dynamic systems
the matrices may change abruptly and the SVD based
methods give only a time averaged estimates.

In this work we present a dynamic state-space model,
where the state transition matrix is updated at every time
increment. The dynamic system modelling is based on the
Hankel data matrix representation. We present a novel update
algorithm for computation of the state-transition matrix and
its eigenvalues. The method can be adapted for system state-
space modelling and filtering the measurement signals in the
presence of noise.

2. Theoretical considerations

2.1 The dynamic state-space model
The dynamic state-space model under consideration is
defined as

Xn+l = Fn Xn

1
y,=C X, +w )

where the state vector X, eR™, the state transition
matrix F, e R™ and the vector C=[10---0] eR"".The
scalar w, € R™ is a random zero mean observation noise.
The signal y, e R™ consists of measurements at time
intervals t=nT (n=0,1,2,...), where T is the sampling
period. Let us define the data vector
Yo =[Y Yo Yoo Yana] Where T denotes
transpose. The Hankel structured data matrix H, e R™" is
defined as

matrix

yn yn—l yn—M -1
H ) — yrffl yn.—z yn—.M -2
(2
yn—N—l yn—N—Z yn—N—M -2

= [Yn Yoa Yn—M—l]
where the subscript n in H, refers to the most recent data

point Y, . The antidiagonal elements of the H_  data matrix

are equal. The state-space model (1) can be represented in
the following form

Hn+1 = Fn Hn +V\/n+1 (3)
where W, is the Hankel structured noise matrix. The least
squares estimate of the state transition matrix F, comes from

F=H. Hi(HH) =H H =RC' @
where the pseudoinverse matrix H* =HT(H H)™" e R™" .
The matrices R, =H, ,H eR™and C,=H H eR™.
The C, matrix is symmetrical, i.e. C! =C,_ . It has a stable

inverse since it is positive definite and all eigenvalues are
nonnegative. The rank of the state transition matrix
F, defines the system order. In many applications the state

transition matrix should be evaluated at T intervals. In

n+l n+1

n+l
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complex dynamic systems the dimension of the state
transition matrix is high and the computation of the

pseudoinverse matrix H* would be an overwhelming task. In
this work we show that with a special partitioning the R and
C, matrices into submatrices the computational load is
drastically diminished.

2.2 Computation of the state transition matrix F,
The data matrix H. is partitioned as

H—Dn 5
n dn ()

where the matrix D, e R™™™ and the vector d, e R™ .
The data matrix H_ ., is partitioned as

d,.
H,. { 5 l} (6)

n
where the vector d,_ ., € R* and the matrix D, is identical to
that in (5). Now we have

D D,D, D.d;
C,=| "|[Dy dj]|=| "
dn ann dndn
()
_|A b
b
where the matrix A eRMPNY 1 the  vector

b, € R™ ™ and the scalar ¢, € R™. The analytic solution of
the inverse matrix is
—=S,m
n n } (8)

-1 -1 T
C—l — A] bn — A] + Sn mn mn
" br-:- C -3, m: S
m =A", eRMPand the scalar

the vector
s, =(c,—blm )" eR™. The inverse matrix has the same
block dimensions as the C, matrix. Correspondingly, we

have
d
== G lor )

_ dn+lDr-1r dn+1dr-:— _ en gn
B DnDr-1r Dndr;r B A1 bﬂ

where the vector e, e R*™Pand the scalar g, e R™. The
matrix A, and the vector b, are identical to in (7). Now we
obtain the state transition matrix as

F,=RC.

e 9. || At+s,mmy —sm,
“|A b —s,m; S

n

n

where

(9)

which finally yields

(10)

where the scalar k,=g,s,—s,e,m,and the vector

n=n n

h =e A'—k m'. The identity matrix 1 € RN™*"Yand the
zero vector @ e RN,

2.3 Updating the state transition matrix F,
The updated matrix C_,; is partitioned into the four sub-

blocks
d d.d . d DI
C = n+l dr DT |=| nitne n+1=n
n+1 { D :|[ n+1 n j| |: D dT DnDr':' :|

n n-n+l

— pn+l en
& A

where P, is a scalar. The essential observation is that C_,

(11)

contains a submatrix A, , which is the same as in partitioning
the C, matrix (7). The vector e, equals to that in (9). The
analytic matrix inversion gives

a1
— pn+ en
Cnil = { T ' }
& A

(12)
_ |: Mo a0, :|
- T -1 T
—laln A’I +114, 4,
where  the  vector q,=e,A'and the  scalar

r.,=(p,.,—q.e)". We may note that the vector g, is
previously computed as a first term in vector h_ in (10).
Finally, the computed C*

.. Mmatrix is represented in the
repartitioned form (7)

r -1
C—l _ Awl bn+1i|
n+l T
_bn+l Cn+1
AL +s . m . m . —s . .m
_ +1 n+1""'n+1" " 'n+l n+1l""'n+l
=S, ..M
L Sn+l n+1 n+1
_ Tn+1 Zn+l
- T
_Zn+l Wn+1
where the vector m _,=A'b _and the scalar

S,., =(C,,,—bl,m)™". The matrixT , e RN*ND 1 the
vector z,., e R and the scalar w_,, € R™* are picked up
from the computed inverse matrix C., (12). By comparing
the block matrices we obtain the solution for the wvector

m,,, and the inverse block matrix A%, as

—1
My =W
14
AL =T +m .z} @
+1 n+l n+1=n+1
Now we get the updated R, matrix
€ g
le :|: n+l n+1:| (15)
A1+1 bn+l
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where the vector e, e R"™Pand the scalar g,,, e R™.
Finally, the uptake of the state transition matrix F,,, comes
from

I:n+1 = Rn+1
-1 T
€1 Yna A‘H—l +SiaMuaMiy —SpaMo
(16)
A‘H—l b 1

T
n+1 —SpaM

n+1l""'n+1 n+
_ hn+l kn+1
@

where the scalar K, , =0,,:S,.1 —S,.:€,,:M,,, and the vector

n+1=n+1"" 'n+l

C—l

n+l =

h. =e.,A%L—k,m. . An interesting feature is that the

vector b, ., needs not to be known in the uptake process (16).
2.4 Fast uptake of the R, matrix

The uptake process (16) needs the computation of the vector
e., =d Dl and the scalar g,,=d,d ,, if partitioning
(5) is used. This would require one vector-matrix and one
vector-vector multiplication. Fast uptake of the R matrix is

obtained if we adapt the partitioning (2) for the data matrix

Hn = [Yn Yn—l Yn—M—l] 17
Now we have
T T T
Rn = [Yn+lYn YnYn—l Yn—MYn—M —1] (18)
and the uptake of the R, matrix is yielded as
T T
Rn+1 = Rn +Yn+2Yn+1 _Yn—MYn—M -1 (19)

The uptake of the R, matrix needs only two vector-vector
multiplications and the vector e ,and the scalar g, are
simply picked up from the R_ , matrix (19).

n+1

2.5 Computational complexity
The uptake of the state transition matrix requires the

computation of the matrix inverse C.%, (12), which needs one
vector-vector multiplication. The uptake of the wvector
m,,,and the inverse block matrix A} (14) needs one

vector-vector multiplication. Finally, the uptake of the scalar
k .,and the vector h__.in (16) requires one vector-matrix

n+1 n+1

and three vector-vector multiplications. Thus the
computational ~ complexity of the algorithm s
0(n*)+50(n).

3. Applications of the method

3.1 Computation of the eigenvalues of the state transition
matrix

The Hankel data matrix representation (3,5) of the dynamic
state-space model leads to a companion matrix structure of
the state transition matrix F, (10) , which involves only the

vector h, and the scalar k,. An important advantage of the

companion matrix structure is that the eigenvalues
A2y, Ay OF the state transition matrix can be directly

computed as the roots of the polynomial having coefficients
[1 -h, -k,]. The eigenvalues of the state transition matrix

give important knowledge of the order and the stability of the

system and its dynamic behaviour. The eigenvalues also aid
in selection of the model order. The occurrence of very small
eigenvalues indicates that the system order is smaller that the
model order, which leads to overmodelling. When the model
order equals the system order, the scalar coefficientk attains

avaluek, =-1.

3.2 Signal prediction and state-space filtering
The knowledge of the state transition matrix F, enables the

prediction of the measurement signal y, as
Hn+1:Fan:>§/n+1:CFan (20)

where C =[10---0]e R™ . Using the Hankel data matrix

representation we may define the prediction data matrix as

Yoo Yo Yoma
l_"l = 9r}—1 yn.—Z yn—.M -2
: : (21)
yn—N—l yn—N—Z yn—N—M -2

= Hn+l = I:n Hn
The state-space filtered signal ¥, can be obtained as a mean
of the antidiagonal elements. In the following we describe

several matrix operators based on the state transition matrix.
In all computations the filtered data matrix (21) is applied.

3.3 Numerical signal processing
The knowledge of the state transition matrix F, enables the

numerical signal processing of the state-space filtered signal.
In the following we develop matrix operators based on the
state transition matrix for numerical interpolation,
differentiation and integration of the measurement signal.
The state transition matrix can be presented in the

eigenvalue  decomposited formF, =U DU.', where

D, e R™ =diag(4 4,...4,) andU, e R™" . Based on (21)
we have a result

A A 1A
Hn+l = Fan =UnDnUn Hn =
|:In+A :UnDnAUr:lF\'n-*—A = I:nAl:ln

where the time-shiftA <[0,T]. Now we may define the

(22)

interpolating time-shift operator S, € R™ as
Hn+A = Sn,AHn = Sn,A = I:nA (23)

Next, we may define the differentiation operator D, € R™"
as

S, DA, =, =ePh, @
Due to (20) we have
F,=e> =D, =logm(F,) (25)
where logm(-) denotes matrix logarithm.
Further, by defining the integral operator I, € R™ as
[H.dt=11, (26)
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Since the differentiation and integral operator are inverse
operators

I H =D'H, =[Iogm(Fn)]71 H =

B (27)
I, =[logm(F,)]
and the definite integral is yielded as
nT
H_dt
(n-d)T (28)

= ([togm(F,)]”* ~[togm(F, ;)" ) A,

The interpolating, differentiation and integral operators are
commutative, ie. S/D,=D,S, and S ,=1S,. The
computation of the second, third etc. derivatives and integrals
of the signals are also possible using the matrix operators,
e.g. the second derivative operator is obtained

as D? :[Iogm(Fn)]z. It should be pointed out that applied to

the state-space filtered signals the numerical operators are
analytic, i.e. they produce results with machine precision.

4. Discussion

The distinct difference between the present algorithm and the
SVD based methods is that the present algorithm updates the
state transition matrix F, at every time interval, while the

SVD based algorithms [8-9] compute the state transition
matrix in data blocks. Our algorithm is more feasible in the
analysis of the fastly changing dynamic systems and
especially for real-time applications, where the eigenvalues
of the state transition matrix give actual information on the
system functioning.

A key idea in this work is the repartitioning scheme (13),
which yields the uptake of the vector m_, and the inverse
block matrix A (14) and then the uptake of the state
transition matrix F,,, (16). The companion matrix structure
of the matrix F, enables the computation of the eigenvalues
of the state transition matrix via the roots of the polynomial
[1 -h, -k,] This procedure is much faster than the direct
eigenvalue decomposition of the F, matrix. The knowledge
of the eigenvalues yields a plenty of numerical signal
processing tools, such as interpolation, differentiation and
integration operators (21,22,26), which compete with the
conventional B-spline signal processing algorithms [10-12].
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